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Available online 21 March 2011AbstractA simple quasi-empirical model is presented to calculate the deformation rate and age scale corresponding to ice core depth,
where grain size and shape are determined only by grain growth and grain deformation processes. Given the size and elongation of
grains as a function of ice core depth and the accumulation rate at the ice-sheet surface, it is possible to determine the ice core age
scale. The model results are in good agreement with measured values of the rate of grain deformation and the age scale for the
GIPS2 ice core at depths above 700 m.
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Glacial ice forms through the sintering of snow
under pressure and is often characterized by equiaxed,
randomly oriented grains in the uppermost layers. At
deeper levels within the glacier, creep deformation
may be accompanied by dynamic recrystallization and
the development of a distinct texture, in which case the
microstructure becomes more complex.
The main crystal processes in natural ice sheets are
thought to be normal grain growth, rotation recrystalli-
zation, and migration recrystallization (Alley, 1992; De
La Chapelle et al., 1998; Durand et al., 2008; Pimienta
and Duval, 1989). Below the pore close-off, in shallow* Corresponding author. Laboratorio de Fı´sica de la Atmo´sfera,
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doi:10.1016/j.polar.2011.02.001ice-core layers, a parabolic growth relationship is
generally observed between grain size and time, and it is
accepted that in these layers the size of grains is governed
mainly by grain growth (Alley et al., 1986a, 1986b; Alley
and Woods, 1996; Di Prinzio et al., 2005; Durand et al.,
2008; Gow, 1969; Montagnat and Duval, 2000).
Rotation recrystallization involves the formation of
a new grain due to grain subdivision: dislocations in the
grain tend to group into a wall that results in tilting or
twisting of the adjacent part of the grain (polygoniza-
tion). Alley et al. (1995) and Okuyama et al. (2003)
compared the orientations of crystallographic axes
within neighboring grains in ice cores. They found that
polygonization is important below 400m in Byrd Station
ice cores and that the degree of polygonization increases
with depth. In a study of samples from the GISP2 ice
core, Wilen et al. (2003) reported that the degree of
polygonization increases with depth from 1500 m, but
does not change significantly in the uppermost 700 m.reserved.
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which to investigate ice structure and applied it to
measuring the ice core texture within the upper 900 m
of NorthGRIP. The authors concluded that rotation
recrystallization occurs in the upper part of the ice
sheet and that the fractionation rate associated with
rotation recrystallization is constant throughout the
entire ice core. In the uppermost 300 m of the core
(representing the past 2000 years), the degree of pol-
ygonization is approximately constant, in agreement
with the results reported by Wilen et al. (2003).
Mathiesen et al. (2004) studied the dynamics of ice
crystal formation in the Greenland NorthGRIP ice
cores, and formulated a grain growth model that
includes normal grain growth and grain boundary (GB)
fragmentation. The model results show that even when
grain fragmentation occurs throughout the entire depth,
its effects are stronger in the deeper ice layers; within
shallow ice layers, grain size is governed mainly by
grain growth. This effect is similar to those observed in
other processes that tend to reduce the rate of grain
growth. For example, the presence of bubbles and a GB
groove produce a pinning force on the GB; GB size
initially follows a quadratic law, as in a pure material,
but the size of grains tends to be constant for a long
period (Gottstein and Shvindkerman, 1999, p. 162;
Nasello and Ceppi, 1986).
According to Durand et al. (2008), migration
recrystallization involves the rapid migration of grain
boundaries between free-dislocation grains and
deformed grains. This kind of recrystallization occurs
in the deepest part of ice sheets, where the temperature
is higher than 10 C, and strongly affects the
microstructure and fabric of the ice.
In shallow ice-core layers, grain size shows a linear
increase over time, as predicted by normal grain growth
theory, although grain shape changes with depth
(Thorsteinsson et al., 1997; Wilen et al., 2003). Grain
deformation arises from strain energy associatedwith the
ice accumulation rate. In some ice cores, such as GISP2,
GRIP, and Byrd Station, the surface slope is very gentle
and horizontal shear stress is considered to be negligible
(Montagnat and Duval, 2000). In such cases, the vertical
deformation of polar ice under low stress, when migra-
tion recrystallization does not occur, could be considered
a mechanical process with a constant vertical strain rate
(Castelnau et al., 1996; Duval, 1985; Montagnat and
Duval, 2000; Whillans and Johnsen, 1983).
In this paper, we present a simple quasi-empirical
deformation model with which to simulate the evolu-
tion of grain shape with increasing ice-core depth,
where grain size and deformation are assumed to bedetermined by grain growth and grain deformation
processes. Given the size and elongation of grains as
a function of ice-core depth and the accumulation rate
at the ice-sheet surface, the ice-core age-scale can be
determined. The results are applied in analyzing the
GIPS2 ice core at depths above 700 m.
2. Theoretical development
Here, we analyze the evolution of grain elongation
in the following cases.
1) We document grain growth in a polycrystalline
sample with initially elongate grains for which GB
migration is driven only by capillary forces. For
this case, we derive an analytical equation for the
time evolution of grain elongation, and the results
are checked with reference to a numerical simu-
lation of grain growth.
2) We also study the case for which grains are sub-
jected to mechanical deformation and for which
GB migration is again driven by capillary forces.
For this case, an analytical equation is derived and
solved for the time evolution of grain elongation.
The results are applied in determining the age scale
of an ice core, based on variations in grain size and
elongation with the depth z.2.1. Grain growth in polycrystalline samples with
initially elongate grains
When a GB is driven only by capillary forces, the
local normal GB velocity vL is given by
vL ¼Ms

1
r1
þ 1
r2

; ð1Þ
whereM is GB mobility, s is grain energy per unit area,
and r1 and r2 are the principal radii of the boundary
curvature. Using this equation for each point along
grain boundaries in a polycrystalline sample, Ceppi and
Nasello (1984, 1986) and Nasello and Ceppi (1986)
used a bi-dimensional computer simulation model of
grain growth to show that the mean grain radius R
follows the relation
R2 R2o ¼ kt; ð2Þ
where k is a constant related to M and s, and R is the
mean radius of the grains. This result has been confirmed
by several authors (Anderson et al., 1984; Gottstein and
Shvindkerman, 1999; Wilen et al., 2003; Yu and Esche,
2003) and by the results of a 3D Monte Carlo GB
Fig. 2. Schematic of an elliptical grain with principal axes a and b.
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(Di Prinzio et al., 2010). Consequently, in a poly-
crystalline sample in which GBmigration is driven only
by capillary forces, from Eq. (2) we have
1
R
dR
dt
¼ k
2
1
R2
: ð3Þ
Wilen et al. (2003) reported grain-size data for
samples from the vertical GISP2 ice core. The authors
used an inertia moment tensor to show that grain size
was not uniform, as the grains are elongated in
a plane oriented perpendicular to the axis of vertical
compression. Durand et al. (2004) used a texture
tensor to study the same elongation effects in ice core
grains.
In the present work, we used a 3D Monte Carlo GB
simulation model to study the time evolution of the
mean grain size of polycrystalline samples with initial
non-equiaxed grains, as shown in Fig. 1. This poly-
crystalline sample, without equiaxed grains, is inten-
ded to represent the vertical ice-core sample analyzed
by Wilen et al. (2003) and Durand et al. (2004).
The simulation results show that Eq. (2) is valid and
that the grains tend to be equiaxed (the analyzed
samples contained more than 1000 grains). By repre-
senting the mean grain shape by an ellipsoidal grain
(Fig. 2), where a and b are the principal ellipse axes,
we found that the mean grain size b in the vertical
direction follows the relation
1
b
db
dt
¼ k
2
1
b2
: ð4ÞFig. 1. View of the initial polycrystalline sample with elongate
grains, as used in the simulation.To describe the grain shape evolution of a poly-
crystalline sample with initially ellipsoidal grains, we
define the mean grain elongation e as
e ¼ R b
R
: ð5Þ
Then, applying Eqs. (3) and (4), we have
de
dt
¼ keð2 eÞ
2R2ð1 eÞ: ð6Þ
Considering e << 1, as a first-order approximation
of e, Eq. (6) can be written as
de
dt
y ke
R2
: ð7Þ
Then, using Eq. (3), the solution to Eq. (7) is
e¼ e0R
2
0
R2
; ð8Þ
where e0 and R0 are the mean initial elongation and
grain size, respectively.
When a 3D grain-growth process is considered, the
volume of grains is preserved during deformation.
Then, considering that the grains are revolving ellip-
soids, we have
V ¼ 4
3
pR3 ¼ 4
3
pa2b:
consequently, as a first-order approximation of e, we
have
b ¼ Rð1 eÞ
a ¼ R 1þ e
2
 
:
ð9Þ
Following Wilen et al. (2003), we define e0 as
e0 ¼ a b
R
¼ 3
2
e: ð10Þ
Then, we have
e0 ¼ 3
2
e¼ 3
2
e0R
2
0
R2
¼ e
0
0R
2
0
R2
:
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e0R2 ¼ e00R20 ð11Þ
Therefore, when only grain growth is considered,
the degree of grain elongation decreases with
increasing annealing time; i.e., the grains tend to be
equiaxed.
The 3D Monte Carlo simulation model was used to
follow the time evolution of grain shape, with the
initial configuration being the polycrystalline sample
shown in Fig. 1. Fig. 3 shows that the evolution of
grain elongation obtained from the simulation is well
fitted by the curve given by Eq. (11).
2.2. Grain growth in polycrystalline samples with
mechanical deformation
The mass of ice in a large ice sheet flows plastically
under its own weight, which may produce shear or
compression in an ice core (Nye, 1951). For a region
with gently sloping bedrock, it can be assumed that the
upper ice layer is affected only by a vertical uniaxial
strain (i.e., unconfined compression; Duval, 1985). In
such a case, it can be considered that the vertical strain
rate is uniform along the core (Castelnau et al., 1996;
Duval, 1985; Montagnat and Duval, 2000; Whillans
and Johnsen, 1983); that is,
d3
dt
¼ a ð12Þ
where a is a constant.
In an ice layer subjected to constant uniaxial
compression, for which grain polygonization is insig-
nificant, grain size and shape are modified by both0
0.5
1
1.5
2
0 200 400 600 800
MC step
R
e
2
Fig. 3. Elongation e0 multiplied by the square of the mean grain size
(R) as a function of the MC step. Monte Carlo simulated results and
the corresponding trend line.grain growth and deformation. The occurrence of
vertical ice deformation tends to produce horizontally
elongate grains, whereas grain growth tends to produce
a uniform grain shape and an increase in grain size. In
such a case, we can assume that the time evolution of
the mean grain elongation e is controlled by a combi-
nation of these processes.
To determine the relationship between the uniaxial
strain of the whole specimen (bulk strain) 3 and the
mean grain elongation e, we recall that Azuma and
Higashi (1985) derived an empirical equation that
relates the uniaxial strain of the whole specimen e to
that of individual grains: 3g ¼ p3coscosinco, where co
is the initial angle between the c-axis of an individual
grain and the compression axis. Following from this
work, it can be shown that the total axial strain e in an
ice core with partially random texture is related to the
arithmetic mean of the strain of an individual grain 3g
over all GB misorientations, as 3gz3. A similar
equation was proposed by Castelnau et al. (1996) based
on viscoplastic self-consistent theory.
In the case that the grains adopt the shape shown in
Fig. 2, the arithmetic mean of individual grain strain 3g
can be calculated as 3g ¼ jbRR j ¼ e. Then, considering
3gz3, from Eq. (12) the time evolution of the mean
grain elongation e produced only by ice deformation
can be written as
de
dt
¼ a: ð13Þ
Consequently, the time evolution of the mean grain
elongation e produced by a combination of grain
growth (Eq. 7) and ice deformation (Eq. 13) is given by
de
dt
¼ke
R2
þ a: ð14Þ
Solving Eq. (14), we have
e¼
a2 t

R2 þR2o

R2
þ e0R
2
o
R2
: ð15Þ
2.3. Age of ice core layers
Based on the equations developed by Nye (1963),
Dansgaard and Johnsen (1969) proposed that
lðzÞ
lo
¼ H  z
H
and
dl
dt
¼ lo
H
dz
dt
¼ lolðzÞ
Ht
; ð16Þ
where t is a period of 1 year; l(z), which represents
reduced thickness, is the thickness at depth z of an ice
layer accumulated at the surface in 1 year; H is the
Table 1
Mean values of the grain elongation e0 and grain size R obtained for
the GSPS2 ice core (Wilen et al., 2002, 2003) and the age scale
obtained from NCDC-NOAA (http://www.ncdc.noaa.gov/paleo/
icecore/greenland/summit/tablecon.htm).
Depth, m Age, kyr e0 R2, mm2
146.00 0.48 0.10 3.11
202.00 0.69 0.09 4.31
236.00 0.83 0.11 5.13
337.00 1.25 0.10 5.42
392.00 1.50 0.14 6.83
440.00 1.73 0.14 5.93
441.00 1.73 0.16 6.91
564.00 2.36 0.18 6.28
610.00 2.61 0.20 6.92
695.00 3.10 0.16 7.89
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Fig. 4. Square of the mean grain size (R) as function of age and
depth z.
323C.L. Di Prinzio, O.B. Nasello / Polar Science 5 (2011) 319e326thickness of the ice sheet; and lo is the thickness of the
accumulation layer at z ¼ 0.
Therefore, the age of an ice layer at depth z is
t ¼ t
Zz
0
dz0
lðz0Þ ¼ 
Ht
lo
ln

H  z
H

: ð17Þ
If lo and H are known, the age scale can be obtained
from Eq. (17).
Using Eqs. (14) and (16), we demonstrate that if lo,
e, and R are known as a function of z, the age of ice at
a given z can be determined. In fact, from Eqs. (14) and
(16), we have
de
dz
l
t
þ k e
R2
¼ a: ð18Þ
This equation is valid for every z; consequently,
when z/zo, we have
de
dzz¼zo
lo
t
þ keo
R2o
¼ a: ð19Þ
Taking into account Eqs. (2) and (19), we have
de
dzz¼zo
lo
t
tþ
	
R2 R2o


eo
R2o
¼ at: ð20Þ
From Eq. (15), we have	
2R2e 2e0R2o



R2 þR2o
 ¼ at: ð21Þ
Then, Eqs. (20) and (21) give
de
dzz¼zo
lo
t
tþ
	
R2 R2o


eo
R2o
¼
	
2R2e 2e0R2o



R2 þR2o
 ð22Þ
and
t ¼ 2eR
2
oR
2  eo
	
R4o þR4



R2 þR2o

R2oðlo=tÞjve=vzjz¼zo
: ð23Þ
Therefore, given lo, e, and R as a function of z, Eq.
(23) can be used to obtain the age of ice at a given z.
3. Application of the model
To test the predictability of the present approach, the
results obtained in the previous section are applied to the
GSPS2 ice core, using experimental data given byWilen
et al. (2002, 2003) and the age scale obtained from
NCDC-NOAA (http://www.ncdc.noaa.gov/paleo/
icecore/greenland/summit/tablecon.htm), as shown in
Table 1. The values of e0 and R reported by Wilen et al.(2002, 2003) were obtained by measuring more than
500 grains in each sample (Di Prinzio C.L. pers. comm.,
2009).
3.1. Grain growth law
Fig. 4 shows that for GISP2 ice, the mean grain size R
as a function of time iswell fitted usingEq. (2) and the age
scale up to tz3 Kyr; i.e., zz700 m. This result is
consistent with the findings of Alley et al. (1986a) and
Gow et al. (1997). From the fitting curve shown in Fig. 4,
we obtained R0
2 ¼ 3.5 mm2 and k ¼ 1.45 mm2/kyr. For
Southice at 31 C, Gow (1969) reported a k value of
1.59 mm2/kyr. Taking into account that the mean
temperature for GISP2 is about32 C, the two values of
k are in reasonable agreement.
3.2. Calculations of strain rate
According to Thorsteinsson et al. (1997), uniaxial
compression is the most likely deformation mechanism
Fig. 5. Age of ice as a function of depth z. The solid line was
calculated from Eq. (23) using the fitting curves of R2 and e0 as
a function of z (t23), the dashed line was derived from experimental
data on oxygen isotopes (t), and the dotted line was obtained
assuming constant
dz
dt
¼ lo
t
ðtapproxÞ.
Table 2
Mean values of ice age corresponding to the GSPS2 ice core, as
obtained from NCDC-NOAA Web site, t; calculated assuming
dz
dt
¼ lo
t
; tapprox; and calculated from Eq. (23), t23.
Depth, m t, kyr tapprox, kyr t23, kyr
146 0.48 0.56 0.58
202 0.69 0.78 0.81
236 0.83 0.91 0.96
337 1.25 1.30 1.39
392 1.50 1.51 1.63
440 1.73 1.69 1.84
441 1.73 1.70 1.84
564 2.36 2.17 2.39
610 2.61 2.35 2.60
695 3.10 2.67 2.98
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et al. (1996) found that the vertical strain rate in
GRIP samples is largely constant from the surface
down to a depth of 1750 m. Also, constant vertical
strain rates are included in the ice flow models
proposed by Duval (1985), Montagnat and Duval
(2000), and Whillans and Johnsen (1983). Therefore,
if the age scale is known, Eq. (15) can be used to
obtain a in the GISP2 and GRIP ice cores up to time t,
corresponding to a depth of 700 m. The values of R2
and R0
2, and e vs. t were fitted to obtain the value of
a using Eq. (15), yielding a ¼ 0.06 1/kyr.
From Eqs. (14) and (10), we have
de0
dz z¼zo
lo
t
þ ke
0
o
R2o
¼ 3
2
a ð24Þ
From Eq. (2), we have
de0
dz z¼zo
lo
t
þ dR
2
dz z¼zo
lo
t
e0o
R2o
¼ 3
2
a: ð25Þ
Therefore, if R2 and e0 are known as a function of z,
we can obtain a.
Using the data given in Table 1, R2 and e0 were fitted
as a function of z, revealing e0o ¼ 0:064,
de0
dz z¼zo
¼
0:002 m1, R2o ¼ 3 mm2 and
de0
dzz¼zo
¼ 0:007 mm2m1.
Then, from Eq. (25) and considering l0z0:26
m
yr
, we
have a ¼ 0.06 kyr1 ¼ 1.9  1012 s1. This a value
is similar to that estimated from the accumulation rate
at GISP2. In fact, Alley and Fitzpatrick (1999) reported
an accumulation rate for GISP2 of 0.26 m/yr and an ice
thickness of approximately 3028 m, yielding a mean
strain rate of 0.086 kyr1 (2.7  1012 s1).
It is interesting to note that in Eq. (25), using the
experimental values mentioned above, we have
dR2
dzz¼zo
lo
t
e0o
R2o
¼ 0:03 kyr1. Consequently, given that
a ¼ 0.06 kyr1, this result indicates that grain growth
has a strong effect on grain elongation, which is
important for the rheology of the ice core.
Finally, it should be noted that grain deformation in
the shallow layers of ice cores may also be affected by
other physical processes that are not taken into account
in the present work. For example, grain elongation may
be modified by diffusive processes in a similar way to
that proposed by Alley and Fitzpatrick (1999) for
bubble elongation in a cold ice sheet. However, a brief
inspection of the equations developed for these
processes indicates that the rate of grain relaxationarising from diffusive processes is many times lower
than that arising from grain growth processes.
3.3. Age scale
Using Eq. (23), the age scale is easily determined if
we know the accumulation rate of ice on the surface
and the size and shape of grains as a function of z.
Fig. 5 and Table 2 show the ice age t obtained from
experimental data on oxygen isotopes (see Table 1) and
the age calculated from Eq. (23), t23. The data shown in
this figure were obtained from the fitting curves of R2
and e’ as a function of z.; the values of tappro were
obtained assuming constant dzdt ¼ lot . The results show
that for large z values, the values of the ice age
obtained using Eq. (23) are more accurate than those
obtained using dzdt ¼ lot . The difference between the two
325C.L. Di Prinzio, O.B. Nasello / Polar Science 5 (2011) 319e326approaches is not overly large, but the results show that
the procedure developed in the present study is useful
in calculating the age scale of ice cores.
4. Summary
We used a 3D Monte Carlo computer simulation of
grain growth to assess an analytical expression for the
time evolution of mean grain elongation in a poly-
crystalline sample with initially elliptical grains, in the
case that GB migration is driven by capillary forces.
The expression was combined with the time evolution
of grain deformation, subjected to a constant vertical
strain. Consequently, when grain size and deformation
are determined only by grain growth and grain defor-
mation processes, we can obtain the evolution of the
grain shape of a polycrystalline sample.
Expressions were developed that yield the strain
rate of an ice core if we know the age scale, mean grain
size, and grain elongation as a function of ice core
depth. Expressions were also formulated to estimate
the age scale if we know the accumulation rate and the
mean grain size and elongation.
The results were applied to analyze the evolution of
the mean grain shape in the GISP2 ice core at a depth
of approximately 700 m, yielding a mean strain rate of
approximately 0.06 kyr1 and an age scale that is in
good agreement with those obtained by existing
methods.
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